CHAPTER NINE

Linear Models of Production

We have already devoted considerable space to the analysis of models
of production in connection with linear programming problems. We
were interested there in questions of maximizing revenues, minimizing
costs, and the like. In this chapter we shall consider questions con-
nected with production models which are not matters of simple opti-
mization. Rather than attempt to describe in advance the material
to be discussed let us proceed at once to the topics themselves.

1. The Simple Linear Production Model

At this point the reader should refresh his memory on the definition
of a linear production model. He will recall that, if such a model
involves n goods G4, . . . , G and m activities Py, . . . , Pn, then the
model is completely described by the production matrix A = (o),
where o;; is the amount of G; consumed or produced by activity P;
according as «;; is negative or positive.

The above is a description of a linear production model. A simple
linear production model will naturally be a special case of the general
model. The special assumptions are these:

Assumption 1.  Each activity P; produces only one good G;. In more
familiar terms, we are assuming that there is no joint production, and
there are no by-products of any activity. In terms of the matrix A
the assumption means that there is only one positive entry in each

IOW a;, all the rest being zero or negative.
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Assumption II. Each good G; ts produced by one and only one
activity P;.

This means, in particular, that there are the same number of activi-
ties as goods, and it is natural to label goods and activities correspond-
ingly. We shall agree henceforth that P; is the activity which pro-
duces G;. The production matrix A for a simple model is square.

Because of Assumptions I and II it is convenient to modify slightly
the definition of the matrix A as follows: Let us agree that «;; shall
stand for the amount of G; which it is necessary to consume in order to
produce one unit of G;. Since consumption is now being taken as posi-
tive rather than negative it is appropriate to refer to A as the con-
sumption matriz of the model. The ¢th row a; of A gives the inputs of
various goods required to produce one unit of G;. We do not exclude
the possibility that «; is positive; that is, it may be necessary to con-
sume a certain amount of steel in order to produce more steel. Thus
a consumption matrix A for a simple linear model may be any non-
negative square matrix.

We shall be concerned first of all with a simple feasibility question.
Suppose the model with matrix A is asked to produce the ‘““bill of
goods” ¥y = (1, . . . , 1), that is, to produce n; units of G1, 5, units
of G4, ete. Does there exist a production program so that this demand
can be met? Now if the activity P; is operated at level or intensity §&;
(we are using the terminology of Chap. 1) then £ units of G; will be
produced. At the same time P; will consume the vector £a; and the
amounts consumed by the whole model will clearly be

n
z ga; = rA
i=1
where z = (&) gives the levels at which each activity is operated.
Then net production, that is, production minus consumption, is given
by the vector
z—xA =z(I — A)
and the feasibility question is simply: Given y = 0 does the equation
z(I —4)=y a)

have a nonnegative solution?
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It is clear that (1) need not have a solution. For example, let A be

given by
0 2
4= (2 0>
1 =2
h I - =
Then ( A) (_2 1)
and certainly z(I — A) >0

has no nonnegative solution. We could have reached this conclusion
by simple common sense. If it takes 2 units of G; to make 1 unit of G,
and also 2 units of G2 to make 1 unit of G; then one cannot produce
positive amounts of both G; and G simultaneously. We see then that
if our technology is going to be useful at all it must be capable of pro-
ducing at least one positive output vector. We are thus led to make
the following

Definition. A simple linear model with consumption matrix A
will be called productive if there exists a nonnegative vector Z such that
& > £A. We shall also say in this case that the matrix A itself is
productive.

The key property of simple production models is the fact that if
such a model is productive then it is capable of producing any positive
output vector y, that is,

Theorem 9.1. If the matrix A s productive then for any y 2 0
the equation

(I — A) =y

has a unique nonnegative solution.

The theorem will be a consequence of the following lemma:

Lemma 9.1. If A is productive and x = zA then z = 0.

Proof. By definition there is a vector £ = (&1, . . . , £,) = 0 such
that # > A. This means that & > Za/ and hence £ > 0; so £ > 0.
Suppose now that z = (¢, . . ., £) satisfies z = v4 but = 1 0.
Then some coordinate of z is negative. Let 6 = max [—£/&], say
9 = —¢1/E.. Then 6ispositiveandz’ =z + 0% = (£, . . . , &) =0,
with ¢ = 0. But also 2’ =z + 02 > 24 + 0Z4A = 2’A = 0, which
would imply £ > z’a® = 0, a contradiction.
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Corollary. If A is productive then I — A 1is regular (has rank n).

Proof. If x(I — A) = 0 then —2(I — A) = 0, but by the lemma
this means z = 0 and —z = 0 and therefore z = 0.

Proof of Theorem. Since I — A is regular there exists a unique z
such that (I — A) = y and since y = 0 the lemma implies z = 0.

Corollary. The matrix A is productive if and only if (I — A)~! 1s
nonnegative.

Proof. The ith row of the matrix (I — A)~! is the vector z; such
that z,(I — A) = u;, and we have just seen that z; must be non-
negative. Conversely, if (I — A)~! exists and is nonnegative then
z = u(l — A)~! is nonnegative; so z(I — A) = u > 0 and 4 is pro-
ductive (u is once again the unit vector).

This corollary gives a simple means for deciding whether A is pro-
ductive. One simply computes the inverse of I — A.

We call attention to the fact that Theorem 9.1 makes strong use
of the condition that there is no joint production, given by Assump-
tion I. If, for example, we had a production matrix of the form

(1)

where positive numbers now represent outputs, then clearly it would
not be possible to produce the vector (1, 0).

The reader may object to this example since here the first activity is
giving us ‘‘something for nothing.” A more realistic counter-example
is given in the exercises (see Exercise 4).

One might think that for the sake of greater generality one should
consider not only productive matrices but also semiproductive ones, i.e.,
matrices 4 such that > zA for some x = 0. It turns out, however,
that this case can immediately be reduced to the previous one, as we

now show.
Definition. If A is semiproductive we call the activity P; produc-
tive if there is a vector x = (£1, . . . , £) = O such that x = zA4 and

n

&> z a;;¢. The corresponding good G is called producible. The
i=1

remaining activities and goods will be called nonproductive and non-

producible, respectively.
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Theorem 9.2. If P; is productive and P; is nonproductive then
i§ = 0.

In the terminology of the previous chapter, the indices 7 correspond-
ing to productive processes form an independent subset. In more eco-
nomic language, the theorem says that no nonproducible good is used
in any productive process. Therefore, by reordering we may make
the production matrix take the form

— e,

Productive{ A |0

Nonproductive [ A,

where the matrix A; is square.
Proof. Since P; is productive there exists = (&1, . . . , &) 20
such that

Eras in particular £E>0 (1)

and Erotry for all r (2)

&> z
k=1
Ez )
k=1
Since P; is nonproductive we must have

&= Erau 3)
kZI kXkj

Now, for e small and positive we may replace & by & — e without
disturbing inequality (1) while inequalities (2) are, if anything,
strengthened; and if e;; > 0 then (3) becomes

&> ) brow; — e 4)
kZl kXky 7

But this would mean P; is productive contrary to hypothesis.
The economic moral of this theorem is that there is nothing to be
gained by operating the nonproductive processes. Namely, let z =

n
(&1, . . . , &) bean intensity vector such that z = z4,or & = 2 biaj.
i=1
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If we set & = O for all nonproductive 7 then if P; is productive we
possibly strengthen the above inequalities, while if P; is nonproduc-
tive we get 0 = 0; so this new intensity vector is just as good as, and
possibly better than, the original one.

So far our discussion has been concerned entirely with technology.
We turn now to economic considerations by introducing prices. As
usual we let p = (w1, . . . , ms) be the price vector, where =; is the
price of one unit of G;. Then the profit of the activity P; is given by

n
the expression m; — z aimi, and the profit vector ¢ is given by ¢ =
i=1
(I — A)p. We recall that in the linearexchange models of the previ-
ous chapter it was not possible for all activities to make a profit simul-
taneously. Here the situation is quite the opposite, as we now see.
Theorem 9.3. If A is productive then for any nonnegative (profit)
vector q there exists & unique nonnegative (price) vector p such that
g=— Ap.
Proof. Since I — A is regular there exists a unique p such that
g = (I — A)p, and it only remains to show that p is nonnegative.
From Theorem 9.1 there exists z; = 0 such that z;(I — A) = w; so
0 <uxzq=ux(I —A)p =u;p. Since all coordinates of p are non-
negative, the result follows.
The theorem shows that if prices are appropriately set the profits
of the various activities may be any preassigned nonnegative numbers.

2. A Dynamic Property of the Simple Model

Let us suppose now that we are dealing with a simple model whose
matrix is A, and suppose further that outside consumers have
demanded a set of goods given by the nonnegative vector y, If
we think of our model as being operated by a central planning author-
ity then there will be no difficulty in meeting the demand y, assuming
that A is productive. The planning authority simply solves the
equation

(I — A) = yo
and if the solution is Z = (%) then each activity P; is ordered to oper-
ate at the level ;.
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However, we may also think of the activities P; as being operated
by completely independent authorities none of whom has any control
over the actions of the others. In this case we can nevertheless
describe a method by which the production problem can be solved
at least approximately. The method is the following: Let us denote
by yo = (ni0) the initial demand by outside consumers. Then, in par-
ticular, there is a demand for 510 units of Gi. Now if this amount is
to be produced by P; then P; must consume the vector n10a;. Thus
having received an order for 710 units of G; the operator of P; in turn
places orders for other goods in the amounts n10¢;. Similarly, all the
other producers P; place orders for the vectors n;0a;. If we think of
the vector yo as the first round of orders we see that in order to fill
these orders the producers must initiate a second round of orders for
the total vector

Y1 = z Niol; = yoA

i=1

But now, in order to fill the orders y; = (7:1) the producers must place a
third round of orders for the vector

Y2 = Zna; = Y1 A = yoA?

and it is clear that this reordering process will go on indefinitely.
The total bill of goods ordered will be the sum of those ordered at
each stage, and we are thus led to consider the infinite series of vectors

Yot yed + - - +yedr+ - - -

If we are fortunate, then this series will, in fact, converge and give us
the correct amount which each P; should produce in order for the
model as a whole to supply the initial demand yo.

Of course, in reality no such infinite sequence of reorderings could
actually occur and the description above is not to be taken too literally.
On the other hand, one can imagine some process like the one described
taking place over a long period of time.

The theorem we shall prove is the following:
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Theorem 9.4. Let y be any vector and let xn. =yl + A + - - -
4+ A"). Then tf A is productive
Iim z,(I — A) =y
n—s o
The theorem shows that if we go through the reordering routine
sufficiently many times we shall come arbitrarily close to satisfying
the demand y. The proof is an easy consequence of the following
Lemma 9.2. If A s productive then lim A» = 0.

n—s o
Proof. Since A is productive there exists + > 0 such that z4 < z.
In fact there exists A such that

TA <)\z ¢y
where 0 < A < 1. From (1) it follows by induction that
A" < Nz

and hence lim zA» = 0. But letting x = (&) we have

n— o

zA" = ZE(wd™) — 0

Since all terms in the sum are nonnegative each must approach zero;
hence (u;A") approaches zero for all 7 and therefore A approaches zero
as asserted.

Proof of Theorem. We simply observe that

(I —A) =y + A4+ - + AT - 4)
=y__yAn+l

and since yA"t! approaches zero, the theorem is proved.

3. The Leontief Model

One of the unnatural features of the simple model discussed in the
preceding sections was the fact that if the model was capable of pro-
ducing any positive goods vector then it could produce arbitrarily large
amounts of any of the goods in any proportions. There is nothing
wrong with this provided the model is given a sufficient amount of time
in which to do the producing. In realistic production problems, how-
ever, time is generally of the essence. When consumers demand some
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goods vector y they expect to receive the goods not in the indefinite
future but within some specified time, say a year.

In order to go over to a more realistic model which takes account of
time, we need change nothing in our mathematical model but merely
our interpretation of the quantities involved. The consumption num-
ber a;; now becomes the amount of G; required, say per year, in order to
obtain a yearly output of one unit of G;. In this interpretation it is
obviously unreasonable to expect to be able to produce arbitrarily
large quantities in a limited amount of time. Why? Because of
limitations on capacity. No matter how much is available in the way
of steel, say, for making automobiles, there are only enough machines,
equipment, and especially labor to produce a certain finite number of
cars per year.

The above ideas are easily formalized. Goods like plant equipment
and labor are characterized by the following two properties:

1. They are not outputs of any of the activities of the model.

2. They are available in a limited amount.

Goods satisfying (1) and (2) are called primary goods (also some-
times referred to as factors of production).

We are now prepared to describe the simple Leontief model.

Definition. The simple Leontief model consists of a simple produc-
tion model in which there is a single primary good G, called labor.

We shall assume that labor is needed as an input to all activities;
that is, the consumption coefficients a;o are all positive. We also
choose the unit of labor so that the total amount available is 1.

The first question for the Leontief model which can be quickly
settled is that of prices. For the case of the simple model without
primary goods we have seen that profits could be any numbers at all.
For the Leontief model with labor as primary input it is natural to
assume that when the cost of labor is taken into account the profit of
each activity shall be zero. In other terms, all the profit which is
made from production is turned back to labor as wages.

Theorem 9.5. There exists a positive price vector p, unique up to
multiplication by a positive number, such that at prices p the profit to
each activity is zero.

Proof. Let us assume the price of labor = to be 1. The condition
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that profits be zero is then
an+ ) moy =m  foralli >0
J

or (I - A)p = q° (1)

where a® = (a;0) and A is the consumption matrix without the column
a®. By Theorem 9.3, (1) has a unique nonnegative solution, and since
a’ is positive p must also be positive.

So far we have not made any explicit use of Assumption II. This
was the condition that there be only ome process for making each
commodity. In realistic situations there might be a number of alter-
native ways of producing a given good. Let us define a general (as
opposed to simple) Leontief model to satisfy all the conditions imposed
on the simple model except that the good G; may be producible by
more than one activity. In a general model, then, there will be more
activities than goods. We denote by S; the set of all activities which
produce G; or, more conveniently, the set of all indices 7 such that
P; produces G;. Then, given an intensity vector z = () determining
the various activity levels and such that the labor supply is not
exceeded, the corresponding net output vector y = (n;) is given by

= 2 & — z fiouj where i Liain = 1
i i=1

m
1e8; =1
The set Y of all such vectors will be termed the output space of the
model.

It might reasonably be expected that the analysis of the general
Leontief model would be considerably more involved than that of the
simple model. It turns out somewhat surprisingly, however, that
almost all questions concerning general models can be reduced to
questions about certain simple submodels, as the following interesting
theorem shows.

Theorem 9.6 (substitution theorem). If a general Leontief model
18 productive then there exists a set of m activities Py, . . . , P;,, where
7; € S;, such that the simple Leontief model formed from these activities
has the same output space as the original model.

There are a number of ways of proving this result. The most
instructive method is via the duality theory of linear programming.



304 THEORY OF LINEAR ECONOMIC MODELS

We digress for a moment, therefore, to reconsider the canonical mini-
mum problem of finding a nonnegative vector 2 which

minimizes zc (1)

subject to
zA =b @)

We call a set of independent rows a; of A an optimal (feasible) basis
if there is an optimal (feasible) vector xz depending on these rows.
The result we need is the following:

Lemma 9.3. Let a set ® of rows a; of A be an optimal basis for the
problem (1), (2) above and consider the new problem

to minimize zc 1)

subject to
zAd =V 2

Then if ® is a feasible basis for problem (1'), (2') it is, in fact, an optimal
basis for this problem also.

Proof. Let % be an optimal vector for problem (1), (2) depending on
the basis ® and let 7 be a solution of the dual. Then we know from the
Equilibrium Theorem 3.2 (page 82) that

if a7 < v then & = 0 3)

Now assume z’ is a feasible vector for problem (1’), (2’) depending
on the set ®. Then we have also

if a7 < v then & =0 3"

since by hypothesis £/ = 0 whenever ; = 0. But this is precisely the
condition that 2’ and 7 be solutions of the primal and dual problems
of (1’) and (2') (again by Theorem 3.2) and, in particular, =’ is an
optimal vector, as asserted.

Proof of Substitution Theorem. Let § be a positive vector in the
output space Y. We consider the canonical minimum problem of
producing the vector # while minimizing the amount of labor used,
that is,

za® = minimum
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Now let # be a basic optimal vector for this problem. Then Z
depends on at most n rows 7;, . . . , 2, of the production matrix.
Since 7 is positive all goods are produced by % and hence & must be
positive for one index ¢ in each of the sets S;. Letting A be the
matrix with rows a;, it remains to show that 4 has the output space Y.
Let ¥’ be any other vector in ¥. We know that the matrix 4 is pro-
ductive since it produced the positive vector . Hence, by Theorem
9.1, there exists a vector z’ such that

(I — A) =y

but this simply says that the basis given by the rows a;; is feasible for
the new linear program where the vector to be produced is y’ rather
than 7. According to the previous lemma, therefore, 2’ is also optimal,

that is,
2’ minimizes ra®

among all possible vectors z for the original model. Since y’ ¢ Y there
is some intensity vector x which produces y’ and for which za® < 1
(the labor supply is not exceeded). It now follows that

z'a® £ 1

and hence y’ is producible with the matrix 4 and one unit of labor.
The proof is now complete.

There are a number of remarks to be made concerning the above
result.

Remark 1. Notice that we have actually proved more than is
stated in the theorem. Not only are we able to produce everything
with the simple model that we could with the general model but we
can also produce just as economically with the simple model in the
sense that the amount of labor required for each output vector is no
greater for the simple model than for the general. Thus, in a “ Leontief
economy,” there is nothing to be gained by having several processes
for producing the same good.

Remark 2. Both the primal and dual linear programming problem
used in the proof of the substitution theorem have very natural eco-
nomic interpretations. The primal problem asks for a way of pro-
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ducing a given bill of goods with minimum labor. The dual asks for
a set of prices which will maximize the cost of this bill of goods subject
to the familiar condition that no activity shall show a positive profit.

Remark 3. The validity of the substitution theorem depends
strongly on the assumption that there is only one primary good, as
the following counter-example shows: We consider a model in which
there are two primary goods, say skilled labor Go and unskilled labor
Gy. There are also two output goods G; and Gz.. There is only one
activity P; producing G4, and this requires an input of one unit of
skilled labor. There are two activities P, and Pj for producing Q..
The first requires an input of 1 unit of skilled labor; the second requires
an input of 2 units of unskilled labor. We leave it to the reader to
show that in this example if either of the activities P; or Pj are elimi-
nated the output space becomes smaller (see Exercise 10).

Finally, we observe that the way to find the simple submodel with
the properties of the substitution theorem is to solve the linear pro-
gram for minimizing labor input. The reader will do well at this point
to work the numerical example of Exercise 9.

4. The General Linear Production Model. Efficient
Points

We turn now to the consideration of the most general linear pro-
duction model in which we place no restrictions on the nature of the
production activities. An activity may have any number of outputs
as well as inputs, the same good may be produced by any number of
activities, and there is no restriction on the allowable number of pri-
mary goods. In formulating the model it is actually more convenient
not to distinguish between primary and final goods but to use an
alternative description.

We consider the usual linear activity model with production matriz
which for reasons which will soon be apparent we shall denote by B.
The m rows and n columns correspond to the usual activities and
goods, respectively, and for a given nonnegative input vector x we
obtain an output vector y where

y = zB 1)
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Now, because of the existence of primary goods not all nonnegative
vectors  may be possible, as we have seen, for example, in the case of
the Leonteif model where we have to satisfy the condition

za® <1

The generalization to more than one primary good is obvious. We
are given a consumption matriz A and a supply vector b and we require
that

zA =£b 2)

The matrix A of course has m rows. The columns, however, will
correspond only to those goods of which there is a limited supply.

The model described here is entirely similar to the one treated in
Sec. 5, Chap. 3. The inequality (2) corresponds to what we called
limitations of plant capacity in our earlier discussion. We have now
given a complete description of the model and we turn to a study of
some of its properties.

Definition. The nonnegative solutions of (2) above will be called
the input space of the model, denoted by X.

The output space Y of the model consists of all vectors y such that
y = zB for z in X (we do not require that y be nonnegative).

We now recall briefly some terminology from Chap. 2. The input
space above, being the set of all solutions of a set of inequalities, was
called a solution set (see Exercise 36, Chap. 2). It follows from
Exercise 40 of Chap. 2 that the output space Y is also a solution set.
This means that there exist some n-rowed matrix C' and some vector ¢
such that Y is the set of all solutions of the inequalities

yC =< ¢ 3)

It is this characterization of the output space Y which we shall
make use of in what follows.

We come now to the central economic notion of this section.

Definition. The vector yo in Y is called efficient if there is no
vector ¥’ in Y such that ¢y’ > y.

In words, yo is efficient if it is impossible to increase the output of
any good without decreasing the output of some other.
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The principal result on efficient points relates them to prices and
income. It seems intuitively obvious on economic grounds that any
output vector which maximizes income at some set of prices will be
efficient. Conversely, it turns out that corresponding to each efficient
vector yo there is a set of prices for which y, is an income maximizer,
as we now show.

Theorem 9.7. If Y is the output space of a general linear model
then the vector yo in Y 1s efficient if and only if there exists a positive
(price) vector p such that yop = yp for all ye Y.

Proof. If p is given and yop = yp for all y in Y then clearly yo is
efficient, for if not we would have y'¢Y and ¢’ > y, and therefore
y'p > yop, contrary to assumption.

Conversely, suppose ¥y, is efficient. From (3) above we have

Yo' = v; for all j
We now divide the indices j into two sets S and S’ where

Yo' = v; forje 8
Yo' < v; forje 8

The set S cannot be empty, for then we would have y,C < ¢, so that
for a sufficiently small positive number ¢ we would have

(yo + e)C Z ¢

and yo + e would be in Y, contradicting the assumption that y, is
efficient.
We next assert that the inequalities

20 20 forall je S 4)

have no semipositive solution, for if z were such a solution then clearly
we would have, for any positive number e,

(yo+ )i =v; forjes
and for e sufficiently small

(yo+ e2)c' < v; forjeds
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but this would mean that yo + ez is in Y, again contradicting the
efficiency of yo.

Now since inequalities (4) have no semipositive solution we know
from Theorem 2.10 (page 49) that there are numbers Aj, j € S such

that
Zs)\jci >0
J&

Letting p = E;Ajcf, the proof is completed by noting that, for y in ¥,

Je
yp = ij(yci) = zhm = EM(yoC’) = Yop
S )
so that yo maximizes income at prices p.

The above theorem gives a mathematical justification for some of
the tenets of classical price theory. It states that any efficient mode

H c
P ——
Y H
W

=

Fia. 9.1

of production can be achieved by setting prices appropriately and
allowing producers to maximize their income.

There is a simple geometric picture corresponding to this theorem.
Let yo be efficient in ¥. The set of all vectors y’ such that y’ > yo
clearly form a convex cone C with vertex at yo. The efficiency of y,
states that C and Y do not intersect (see Fig. 9.1). It is geometrically
obvious then that there is a hyperplane H through y, which separates
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C from Y, and the normal to this hyperplane in the direction of C
gives the desired price vector.

Finally we remark that neither the efficient point corresponding to
given prices nor the prices for a given efficient point need be unique
(see Exercises 11, 12, 13).

5. von Neumann’s Expanding Model

The previous sections have been concerned with the static theory of
production models. We now take up the case of a model whose out-
put varies with time and consider the possibility of a steady expansion
of such a model in relation to prices of the goods involved.

As in the previous section we consider a general linear model involv-
ing n goods G4, . . . , G, and m activities Py, . . . , Pn. We wish
now to distinguish explicitly between goods produced and consumed in
a given activity. Accordingly we denote by a;; the amount of G; con-
sumed in P;, and by 8;; the amount of G; produced by P;. The activity
P; is accordingly represented by two nonnegative vectors, an input
vector a; = (a1, . . . , &a) and an output vector b; = (Bir, . . . , Bin).
The corresponding matrices A = (a;;) and B = (B8;;) are called the
input and output matrices, respectively. Once again, an intensity vec-
tor r is a semipositive m-vector, and the corresponding input and out-
put vectors are given by z4 and xB. Henceforth we shall denote the
model symbolically by the pair (4, B).

The model we are now considering is assumed to be closed. This
means that there is no flow of goods to or from the model. All goods
consumed in the model must have been previously produced by it,
and the only thing one can do with the model’s output is to feed it
back into the model as an input at a later stage. We are therefore
concerned with a sort of self-sustaining mechanism whose sole func-
tion is to perpetuate itself in some manner. Such a model is in some
sense an approximation to a total economy in which labor produces
consumption goods and these goods are then consumed by consumers,
enabling or inducing them to give more labor, so that we have roughly
the cyclic situation described by the model.

It is clear that in order for the model to function in the manner
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described it must be possible to choose an intensity vector x so that
every good which is consumed is also produced. A condition suf-
ficient to ensure this is

Assumption I. For all 7, b7 > 0.

This simply states that every good is an output of some activity.

We shall also make a second assumption which asserts that it is
impossible to get something for nothing,.

Assumption II. For all ¢, a; > 0.

This says that every activity must have at least one good as input.

Now suppose we have an intensity vector x such that 2B = ard
for some number a« > 0. We then say that the model s expanding
at a rate at least equal to a. The terminology is appropriate, for the
above inequality means that zb/ = aza’; thus the output of each good
G; is at least a times as great as its input. Note that this does not
exclude the possibility that both input and output of some good be zero.

Definition. The technological expansion problem for the model
(4, B) is to find a semipositive m-vector z and number « such that

a is a maximum 1)
subject to
B = ard @

If the maximum value of « exists it is called the technological expansion
rate! of the model and is denoted by ap. The corresponding intensity
vector zo is then called an optimal intensity vector.

Theorem 9.8 (existence theorem). For models satisfying Assump-
tions I and 11, ao exists and vs positive.

Proof. For each positive number «, consider the problem of finding
a semipositive solution z to the inequality

(B — ad) 20 3)

Now, for « sufficiently small (3) has a solution, for if z is positive

! Although we use the term “expansion’’ throughout, we nowhere require that
« be greater than unity. Thus the whole theory of these models applies equally
well to “contracting’’ models, although the case « = 1 is the one of economic
interest.



312 THEORY OF LINEAR ECONOMIC MODELS

it follows from Assumption I that zB is positive; hence B = arA
for some positive number a. On the other hand, for « very large
(3) has no solutions, for since there is a positive entry in every row of
A (Assumption IT), we can choose a so large that the sum of the
coordinates in each row of B — aA is negative, that is,

(B—ad)w <0
where v is the unit vector in R*, and hence for any = > 0,
z(B — ad)y <0

80 that (3) has no solution.

Let ao be the least upper bound of all numbers for which (3) has a
solution; it is clear that ao is the desired technological expansion rate.!

Having considered so far only the technological aspects of the
model, we turn now to the economic theory. We shall obtain results
here which are striking analogues to the duality theorems of linear
programming,

As usual, we consider a semipositive price vector p = (w1, . . . ,mn).
At prices p the cost of activity P; i8 a;p and the revenue from P; is b;p.
The cost vector is Ap; the revenue vector is Bp. We now describe an
economic problem which will turn out to be the dual of the expansion
problem previously defined.

Definition. The economic expansion problem for the model
(4, B) is to find a semipositive n-vector p and number 8 such that

B is a minimum (1)*
subject to
Bp = BAp 2)*

The minimum value of g is called the economic expansion rate of the
model and is denoted by Bo. The corresponding price vector po is
then called an optimal price vector. We remark that from Assump-
tion I, for any price vector p, b;p > 0 for some index 7 and therefore

1 A standard ‘‘compactness’’ argument is needed here to show that there actually
exists a semipositive zo such that zo(B — aod) = 0.
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Bo > 0. An argument analogous to that of Theorem 9.8 shows that
Bo always exists.

There are various possible economic interpretations of the dual
problem. If a;p > 0 then the ratio b;p/a.p is return divided by cost,
which is the rate at which the value of goods is increasing in activity
P,, a sort of profit factor. Now if one makes the assumption of a free
competitive economy, the forces of competition between activities will
tend to make this profit factor a minimum. A second interpretation
of B is as an interest factor. Suppose the activities are financed by
borrowing and that at the end of each period of production, for each
dollar borrowed, the activities must pay back g dollars (the usual
interest rate would be 8 — 1). Then condition (2)* is the familiar
condition that no activity shall make a profit.

We remark that, although the pair of dual problems treated here
seem very similar to dual linear programming problems, there is a
fundamental difference in that the constraints are not linear. In fact
we shall see that a model all of whose matrix coefficients are integers
may have expansion rates which are irrational.

We also make the trivial observation that both our problems are
homogeneous, so that if z, or po is optimal so also is any positive
multiple of either.

We now proceed to derive the relationship between the dual prob-
lems. The situation is somewhat more complicated than the case of
linear programming.

Lemma 9.4. For models satisfying Assumptions ¥ and II, 8o < ao.
(We shall see from examples that equality need not hold.)

Proof. Define the matrix C by C = B — a9yA. Now the inequality
2C > 0 has no nonnegative solution, for if #’ were such a solution then
we would have 2'B > a@’A, or 2'B = (ay + €)z’A for some ¢ > 0
so that ap would not be maximal. Now apply Theorem 2.10 (page 49),
which asserts that there exists p > 0 such that Cp < 0;s0Bp < aodp.
Therefore, from the definition it follows that ay = 8o, as was to be
shown.

Although one cannot assert that ao = 8o without some further
assumptions, there is an interesting analogue of the linear program-
ming Equilibrium Theorem 1.2, which we now give.
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Theorem 9.9 (von Neumann). If the model (A, B) satisfies I and

II then there exists a semipositive m-vector xo = (1, . . . , &m), @ semi-
positive n-vector po = (w1, . . . , wn), and a number vy such that
zoB = vx04 1)
and if T’ > yxoad then m; = 0 (i1)
Bpo = vApo O
and if bipo < Ya:po then & = 0 (i) *

Proof. Let v = ao, the technological expansion coefficient, and let
zo and po be optimal intensity and price vectors. Then (i) holds by
definition of as. Also Bpo £ Bodpo £ adpo = vAp,, using Lemma
9.4; so (1) * is established.

Next, from (i) and (i)* we have yzoAdpo = zoBpo £ yToADo; 80
zo(B — yA)po = 0, or Z&(bi — va)po = 0 = Zzo(b! — va')w;, and
since the terms (b; — va:;)po and zo(b' — ya?) are all nonnegative we
obtain (i) and (ii)*.

Interpretation. The constant v is both expansion rate and interest
factor. Condition (i) states that the amounts of all goods increase
at a rate at least equal to v. Condition (i)* is the requirement that
no activity show a positive profit. Condition (ii) states that if any
good is expanding at a rate greater than v then, being ‘‘oversupplied,’”’
its price drops to zero, and (ii) * is the obvious condition that activities

which show a negative profit will not be used.
In order to obtain the full duality theorem we need a further con-

cept which is a generalization of the notion of independent subset of
the preceding chapter.
Definition. Given a model (4, B) the set of indices S C {1,
., n} is called an independent subset if it is possible to produce
each good G;, 7 & S, without consuming any good Gj, j not in S. More
formally, the set S is independent if there exists a set T C {1, . . .,
m} such that o;; = 0 for e T and je 8’ and for all j& S, 8;; > 0 for
somese T. The model is ¢rreductble if there are no proper independent
subsets.
If we reorder rows and columns of the matrix A so that the indices T
correspond to the first ¢ rows of A and the indices S to the first s col-
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umns then the matrix takes the form

s
(A o)
AI

In economic terms, a set of goods S is independent if these goods
can be produced from themselves, that is, without consuming any
other goods.

Theorem 9.10 (duality theorem). If the model (A, B) ts trreduct-
ble then ay = Bo.

Proof. We have already shown that 8o = ao; so we need only show
the reverse inequality. If zo and po are optimal then z,B = a4
and Bpo < BoApo 80 aZoApo £ zeBpo = Boed po, and if we can show
that zoApo > 0 the desired inequality will follow. Letting S be all
indices 7 such that zb’ > 0, we see that S is an independent subset,
for taking T to be all indices 7 such that & > 0, we must have a;; = 0
forie T, je S, for otherwise we would get zoa’ > 0, 2o’ = 0 and we
could not have zob’ = asre’. From irreducibility, then, zob* > 0 for
all 7, or oB > 0. Since po > 0 it follows that xcBpo > 0 and there-
fore BoxoApe = xoBpo > 0, which shows that z,Ap, is positive, com-

pleting the proof.

6. Some Examples

Consider the model whose input and output matrices are the

following:
01 00 1000
A= <1 00 1> B = <0 0 2 0>
0 010 01 01

This model is irreducible, as one easily verifies. We assert that the
optimal intensity and price vectors are

To = (2_%) 2_%; 1)
Do = (1: 2_%) 2-%) 0)
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for then the input and output vectors are
zod = (27%,27%,1,2%) 5B = (2%, 1, 2%, 1)
and the corresponding expansion rate « is given by

a = min [2%, 2%, 2%, 2%] = 9%
Also
Apo = (2_%) 1; 2_%) Bpo = (1: 2%: 2_%)

and the expansion rate 8 is
B = max [2%’ 2%, 2%] = 2

Since « = 8 it follows from the duality theorem that this common
value is @p and 8o. Note that the good G4 is overproduced since its
expansion rate is 2%, and consequently its price is zero in accordance
with the theory.

One can easily construct models for which 8¢ < ao. If one simply
“puts together” two models which have no activities or goods in
common and which have different expansion rates then for the com-
posite model ao will be the larger, 8o the smaller of the expansion rates.
A somewhat more complicated example of nonuniqueness is the

following:
A B
010 0 00O 10 0100
1010 00 010000
0 00100 0 01 0 0O
0 01 0 01 0 00 0 20
0 00 010 0 00 1 01

Note that the ‘“submodel”’ consisting of the last three rows is exactly
the model of the previous example and therefore has expansion coef-
ficient 2%. On the other hand, the submodel consisting of the first
three rows has expansion coefficient 1, as can be seen by setting z =
1,1,1,0,0),» =(1,1,0,0,0,0). Therefore oy = 2%, o = 1.
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7. The Expanding Simple Model

The simple linear model is a special case of the general model (4, B)
in which there are exactly n activities and B is the identity matrix I.
For simple models the expansion problem takes the form: Given a
nonnegative matrix A, find a semipositive vector z and number «
such that

a is a maximum €))
subject to
z = ard 2)

The simple model has the following important special property.
Theorem 9.11. If x and ao solve (1) and (2) above, then

Ty = aoon

The theorem says that for a simple model expanding at a maximum
rate there is no overproduction, all goods expanding at the maximum
rate ao.

Remark. We may rewrite the above equation in the form z,4 =
(1/ao)xo. This shows that 1/ay is a positive eigen-value of A and z, is
a corresponding nonnegative eigen-vector. Thus we are proving the
classical result that a nonnegative matrix always has a nonnegative
eigen-value and eigen-vector.

Proof. Suppose there were an optimal vector z, such that z, >
apzoA. We cannot have zo > aorod, for then ay could be replaced by
a larger number. Now choose an optimal vector x = (¢1, . . . , &)
such that the strict inequality

& > ard = ap z i 3)
=

holds for as many indices as possible, say all indices in the set S, while
for the remaining indices S’ we have

n

£ = atd = ay Z Loy fOI‘jS S’ (4)

i=1



318 THEORY OF LINEAR ECONOMIC MODELS

We now assert
£ioy; =0 forie S, je S’ 5)

for if this were not the case then, say, &aij, > 0,70€ 8, joe 8. Then
we could replace &, by £, — ¢, where ¢ is positive but sufficiently small
so that inequalities (3) remain valid. But from (4)

£, = ao z Lioijy > aolfrarj, + ¢ 0+ (B — Daigg, + 0 ¢ 0+ Enanj)
=1

so we would have a vector which increases the number of strict
inequalities (3) contrary to the choice of z, and this proves (5).

Now let 2’ = (&, . . . , £.), where & = g forie S, & = Oforie S
Replacing = by 2’ in (3) we see that the inequalities are if anything
strengthened, and in (4) we get 0 = 0 because of (5). But this means
that we could again increase a, contrary to its definition. Accord-
ingly there are no strict inequalities (3) and the theorem is proved.

Using the above result one can now give a complete analysis of the
possible optimal intensity and price vectors for the simple model. We
state the results here. The proofs are precisely like those of Theorems
8.2 and 8.3 and are left as exercises.

Theorem 9.12. If the matrix A s trreducible then oo = Bo and
the optimal intensity vector is positive and unique up to multiplication
by a positive number.

If A is reducible with irreducible subsets S1, . . . , Sk, let A; be the
submatrix corresponding to S; and let a; and B; be the technological
and economic expansion coefficients, respectively, of A4..

Theorem 9.13. If A is as above then oy = max [a] and Bo =

min [B.].

Bibliographical Notes

The theorems on the simple linear production model are classical
results in the theory of positive matrices. As presented here our
proofs are similar to some of those given by Arrow [1]. The substitu-
tion theorem was first discovered by Samuelson [1], and a general proof
was given by Arrow [1]. The one presented here based on duality was
communicated to the author verbally by Dantzig. The relationship
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between efficient production and profit maximization is extensively
developed by Koopmans in his fundamental paper [1]. The linear
expanding model was introduced by von Neumann in a paper [3]
which has been translated to English [4]. The particular formulation
and results on the expanding model presented here were given by the
author [3]. A somewhat different analysis has been given by Kemeny,
Morgenstern, and Thompson [1].

Exercises

1. Show that the production matrix

A = ail a12
Qg1 Olgg

is productive if and only if the determinant

II - Al = (1 - 0411)(1 - azz) — Q12021
is positive.
2. Prove: If the matrix A is productive then the sum of the entries
in at least one column is less than one.
3. Is the following matrix productive?

0 0.4 1
A=[(1.2 0 0.3
0.2 0.2 0

4, Consider a 3 X 3 model with activity vectors

P,= (4, -3, —-1)
P, = (_ly 3) —1)
Py =(-22,3)

Show that this model can produce some but not all positive output
vectors. Why does this not contradict Theorem 9.1?

5. A matrix M is called positive definite if xMx > 0 for all x = 0
(see Chap. 2, Exercise 25). Show that if the production matrix
I — A of a simple model is positive definite then A is productive.

6. Show that if the consumption matrix A of a simple model

satisfies
lim A» =0

n—»r o

then A is productive. [Hint: Show that (I — A)~! is nonnegative.]
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7. Let the consumption matrix of a simple model be
0.2 0.5
4= (0.7 0.1)

Find the input vector needed to produce one unit of each good.
Compute z, of Theorem 9.4 for n = 3, 4, 5 and compare with your
answer above.

8. Show by an example that the substitution Theorem 9.6 is not
valid for models in which there is joint production.

9. In a general Leontief model let the consumption matrix be the
following:

G G G
P,{0.4 0.1 0.6
P, 10.3 0.2 1.0
P; 106 04 0
Py 0.5 0.3 0.2

where P; and P, produce one unit of G4
P; and P, produce one unit of G,
@, is labor
Find a pair of these activities having the same output space as the
original model.
What is the minimum amount of labor needed to produce one unit
of each good?

10. Show that the substitution theorem does not hold in the example
given in Remark 3 of Sec. 3.

11. Give an example of a linear production model involving 2 goods
in which the point (1, 1) is efficient but there are infinitely many price
vectors p for which (1, 1) maximizes income.

12. Give an example of a linear production model involving 2 goods
in which there are many output vectors which maximize income at
prices p = (1, 1).

13. Let y be a vector in the output space Y of a linear model which
maximizes income at prices p. Show that either y or p is not unique;
that is, either there exists a vector ¥’ £ y in Y which also maximizes
income at prices p, or there is a price vector p’ % p such that y also
maximizes income at prices p’. (Hint: Consider the finite cone
generated by ¥ — y and examine the dual cone.)

14. Consider the linear model whose input and output matrices are
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the following:

COoO O~
—_OoO OO -
SO~ OO
(= = R e
C O OO N
SO NO O
O = OO
-0 0 oo

Is this model reducible? Find the expansion rates ao and Bo.

15. Show from the above example that if S; and S; are independent
subsets (see definition in Sec. 5) then S; M 82 need not be independent.
What about Sl U Sz?

16. Prove Theorems 9.12 and 9.13.

17. Show that for the simple expanding model if A is irreducible
then the optimal price vector is positive and unique up to multiplica-
tion by a positive number.

18. Show that the expansion rate of an irreducible simple model is
greater than 1 if and only if A is productive.

19. Find expansion rates and optimal intensity and price vectors for
the simple model whose consumption matrix is

0.3 0.5
4= (0.6 0.4)
20. Show that Theorem 9.3 is not true if either Assumption I or II
does not hold. .
21. In an expanding linear model involving n goods show that it is
always possible to find an optimal intensity vector which depends on
at most n activities. (Hint:Let £ > O0for7eS. Then show that the

vectors b; — aa;, 7 € 8, belong to a subspace of dimension at most
n — 1. Now use the theorem on basic solutions of equations.)
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Extreme vectors, 60—66
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